Logical nonlocality is completely characterised by Hardy's "paradox" in (2, 2, l) and (2, k, 2) scenarios. We consider a variety of consequences and applications of this fact. (i) Polynomial algorithms may be given for deciding logical nonlocality in these scenarios. (ii) Bell states are the only entangled two-qubit states which are not logically nonlocal under projective measurements. (iii) It is possible to witness Hardy nonlocality with certainty in a simple tripartite quantum system. (iv) Non-commutativity of observables is necessary and sufficient for enabling logical nonlocality.
I. INTRODUCTION
Since the fundamental insight of Bell [1, 2] , it is known that quantum mechanics gives rise to stronger-than-classical, nonlocal correlations. Under seemingly natural assumptions of locality and realism, it can be shown that any empirical correlations should satisfy certain Bell inequalities, which can be violated quantum-mechanically, from which Bell's conclusion follows.
A more intuitive, logical approach to nonlocality proofs was pioneered by Heywood and Redhead [3] , Greenberger, Horne, Shimony and Zeilinger [4, 5] and Hardy [6, 7] [8]. This kind of nonlocality proof disregards the precise values of the probabilities for the various outcome events and only refers to events as being possible (with probability greater than zero) or impossible (having probability zero). This turns out to be sufficient for demonstrating nonlocality in quantum mechanics. We refer to these as logical nonlocality proofs.
Probabilistic nonlocality, as witnessed by violations of Bell inequalities and logical nonlocality are the first two levels of a qualitative hierarchy of nonlocality introduced in [9] [10], the highest level of which is strong nonlocality, which arises when even at the level of possibilities the model cannot be factored into a local and a nonlocal part.
We work within a general framework, introduced in [11] , for logical nonlocality proofs in (n, k, l) scenarios-i.e., Belltype scenarios in which n is the number parties or sites, k is the maximum number of measurement settings available at each site, and l is the maximum number of potential outcomes for these measurements. Our framework bears some similarity to the relational hidden variable framework of Abramsky [12] , as well as a combinatorial framework due to Degorre and Mhalla [13] , and while not as general could be considered a precursor to the unified sheaf-theoretic [9] and combinatorial [14] frameworks for nonlocality and contextuality [15] . The advantage of the present framework is that it comes with a particular representation for n = 2 and (as we will introduce in this article) n = 3 scenarios, which can provide a powerful means of reasoning about empirical models; i.e., probability or possibility tables for the various joint outcomes in a given scenario. * smansfie@staffmail.ed.ac.uk Hardy's logical nonlocality proof or "paradox" [6, 7] is often considered to be the simplest of all quantum mechanical nonlocality proofs. In [11] , the author and Fritz proved completeness results which establish that Hardy's paradox is a necessary and sufficient condition for logical nonlocality in all (2, k, 2) and (2, 2, l) scenarios (thereby subsuming all other logical nonlocality proofs or "paradoxes" in these scenarios). For the (2, 3, 3) [11] and (3, 2, 2) [16] scenarios, it is known that this no longer holds.
In this article, we explore a variety of consequences and applications of the completeness of Hardy nonlocality. To begin with, we will see that in the relevant scenarios they lead to explicit algorithms for deciding logical nonlocality which are polynomial in l and k. They also lead to a constructive proof that the Popescu-Rohrlich box [17] is the only strongly nonlocal (2, 2, 2) empirical model.
Next, we obtain a proof that Bell states are not logically nonlocal under projective measurements. Surprisingly, these are the only entangled qubit states with this property: all other entangled two-qubit states have been shown to admit a Hardy paradox [7] , and all entangled n-qubit states have also been shown to be logically nonlocal [18] , both via appropriate choices of local projective measurements. In this sense, the Bell states are anomalous in the landscape of entangled states, in spite of the fact that they are among the most studied and utilised of these.
Much of the literature on Hardy's paradox is concerned with the paradoxical probability; i.e., the probability of witnessing the particular outcome event from which the logical argument follows. This is often considered to be an indicator of the quality of Hardy nonlocality. For Hardy's family of quantum mechanical, nonlocal empirical models, the maximum paradoxical probability that can be achieved is (5 √ 5 − 11)/2 ≈ 0.09. It has been shown, however, that it is possible to achieve a paradoxical probability of 0.125 for a generalised version of Hardy's paradox in a tripartite quantum system [19] , and it has also been shown that a "ladder" version of Hardy's paradox, which allows k measurement settings to each party, can give rise to a higher paradoxical probability which approaches 0.5 as k → ∞.
More recently, Chen et al. found that another generalisation of Hardy's paradox can be witnessed with probability ≈ 0.4 for certain high-dimensional bipartite quantum systems [20] . The measurement scenarios for these logical nonlocality proofs fall within the scope of the completeness results for Hardy nonlocality. We show explicitly that each Chen et al. paradox contains within it many different Hardy paradoxes. Moreover, we will see that their "paradoxical probability" might more accurately be described as the sum of the paradoxical probabilities for these Hardy paradoxes, all of which occur within the one model.
Using the completeness of Hardy nonlocality we will achieve a rather comprehensive improvement on these results, demonstrating by a much simpler argument that if such a summing of paradoxical probabilities is considered, it is possible to witness Hardy nonlocality with certainty for a tripartite quantum system. Interestingly, the argument relies on the same state and measurements as the Greenberger-HorneZeilinger (GHZ) experiment [5] . We also show that Hardy nonlocality can be achieved with certainty for a particular non-quantum, no-signalling (2, 2, 2) model, which turns out to be the Popescu-Rohrlich no-signalling box [17] .
Moreover, the notion of witnessing logical nonlocality with certainty corresponds precisely to the notion of strong nonlocality, the highest level in the qualitative hierarchy of nonlocality (the hierarchy also applies more generally to contextuality) introduced in [9] .
Finally, we employ the completeness results in order to prove that incompatibility of observables is necessary and sufficient for logical nonlocality, thus extending to the logical setting a result due to Wolf, Peres-Garcia and Fernandez [21] which establishes that incompatibility is necessary and sufficient for (probabilistic) nonlocality.
II. LOGICAL NONLOCALITY AND HARDY PARADOXES
The possibility table (or possibilistic empirical model) used for the original Hardy nonlocality proof, Table I (a), concerns the (2, 2, 2) scenario. Each of the two parties can make one of two measurements on their subsystem, giving rise to outcomes which we label here {↑, ↓} for the first measurement and {R, G} for the second. A 1 in the table signifies that it is possible (with probability greater than zero) to obtain the corresponding joint outcome, and a 0 signifies that it is not possible. The precise probabilities of obtaining the various joint outcomes are not required to prove the nonlocality of the model. Any probabilistic empirical model can be transformed into a possibilistic empirical model of this kind in a canonical way via possibilistic collapse [9, 11] : the process by which all non-zero probabilities are conflated to 1, with zero probabilities mapping to 0. Local deterministic models are empirical models for which the outcome at each site is determined uniquely by the measurement at that site, and in the tabular representation take the 
form of deterministic grids; e.g. Table I (b). Deterministic grids correspond to global sections of the event sheaf in the sheaf-theoretic approach [16] , and indeed logical nonlocality is a special case of the general notion of contextuality as considered in [9] , which is also proved there to be equivalent to the failure of a model to be realisable by a factorisable hidden variable model. In the case of the Hardy paradox, it is clear that the 1 in Table I cannot be completed to a deterministic grid, regardless of the unspecified entries. However, depending on the scenario, this is just one way in which a model might exhibit nonlocality at the possibilistic level [11, 16] .
Definition II.3. Up to re-labelling of measurements and outcomes, any possibilistic (2, 2, 2) empirical model containing the arrangement of 1's and 0's shown in Table I (a) is said to contain a Hardy paradox (i.e., it admits Hardy's logical nonlocality proof) and we say that the joint outcome (↑, ↑) witnesses Hardy nonlocality. Definition II.3 defines Hardy nonlocality for (2, 2, 2) scenarios. It is also possible to extend the definition to (2, 2, l) scenarios simply by course-graining outcomes; see Table II . Furthermore, one may define Hardy nonlocality in (2, k, l) models as arising whenever some 2 × 2 subtable (i.e., restricting attention to any two of the k measurements at each site) contains a Hardy paradox; see Table III .
Definition II.4. Any possibilistic (2, k, l) empirical model containing a 2 × 2 subtable which is isomorphic (up to coarsegraining of outcomes and re-labelling of measurements and outcomes) to Table II is said to contain a (coarse-grained) Hardy paradox. Wang and Markham have described a generalisation of Hardy's logical nonlocality proof to (n, 2, 2) scenarios, which they have used to demonstrate that all symmetric n-partite qubit states for n > 2 admit logical nonlocality proofs [22] . This kind of generalisation has been described elsewhere by Ghosh, Kar and Sarkar [19] , and is also considered in [23] and [24] . 
We write p(o | m) = 1 if it is possible with probability greater than zero to obtain joint outcome o when joint measurement m is made, and p(o | m) = 0 otherwise. Here, 0 and 1 play the role of Boolean truth values. For (n, 2, 2) scenarios we also let measurements and outcomes both be labelled by {0, 1} at each site, though note that these 0's and 1's simply play the role of labels.
Definition II.5. For any (n, 2, 2) scenario, an n-partite Hardy paradox occurs if (up to re-labelling of measurements and outcomes) the following possibilistic conditions are satisfied.
•
The n = 3 generalisation of the Hardy paradox can also be represented in a three-dimensional version of the tabular representation; see Fig. 1 . The advantage of the representation, as we will see, is that it provides a powerful visual means of analysing models. The axes again correspond to different sites, the eight medium-sized cubes to joint measurement settings, and the smallest sub-cubes to joint outcomes, similarly to the n = 2 case. The properties of the tabular representation generalise in the obvious way to the third dimension. For example, in [11] it was shown that for (2, k, l) scenarios a possibilistic empirical model is local if and only if every 1 in its table can be completed to a deterministic grid. This characterisation generalises in the obvious way to the threedimensional representation for n = 3 models, so that we can similarly see by inspection that the blue entry in Fig. 1 cannot be completed to a (three-dimensional) deterministic grid, just as the 1 in Table I cannot be completed to a deterministic grid, and therefore any (3, 2, 2) model containing this arrangement of 1's and 0's, or red and blue boxes, is logically nonlocal.
It is known that Hardy nonlocality completely characterises logical nonlocality in a variety of scenarios. The following theorem combines the completeness results of [11] .
Theorem II.6 (Mansfield and Fritz [11] ). For any (2 
an empirical model is logically nonlocal if and only if it contains a (coarse-grained) Hardy paradox.
We also rephrase the definition of strong nonlocality as introduced in [9] within the present framework.
Definition II.7. An empirical model is strongly nonlocal if and only if no 1 in its possibility table can be completed to a deterministic grid.
Hardy and logical nonlocality are situated within the qualitative hierarchy of increasing strengths of nonlocality as follows:
where membership of any of these classes implies membership of all lower classes. At the lowest level, a model is probabilistically nonlocal if and only if it violates some Bell inequality. The hierarchy is in general strict: for each class, empirical models can be found which do not belong to any higher class. For measurement scenarios in which Theorem II.6 applies, however, the Hardy and logical classes coincide.
III. COMPLEXITY OF LOGICAL NONLOCALITY
Theorem II.6 is relevant to the computational complexity of deciding logical nonlocality in (2, 2, l) and (2, k, 2) scenarios, where it is equivalent to deciding whether a Hardy paradox occurs. The fact was mentioned in [11] ; here we find explicit polynomial algorithms.
Proposition III.1. Polynomial algorithms can be given for deciding nonlocality in (2, 2, l) and (2, k, 2) models.
Proof. For (2, k, 2) scenarios, deciding whether a model in the tabular form is local or nonlocal simply amounts to checking all 2 × 2 sub-tables for such a Hardy paradox, which gives an algorithm that is polynomial in the size of the input table: we check for the 64 possible Hardy configurations in each of k 2 2 sub-tables, which is O(k 4 ). For (2, 2, l) scenarios, one has to check each 1 in the table to see whether it can be completed to a deterministic grid. There are 4l 2 entries in the table, and each check is O(l 2 ), so again we have an algorithm that is polynomial in the size of the input.
It was conjectured in [11] that decidability of logical nonlocality with k as the free input is NP-hard when n > 2, l ≥ 2 or n ≥ 2, l > 2, as is known to be the case for probabilistic models [25] . The problem was shown to be NP by Abramsky in [12] , and the it has since been proved to be NP-complete by Abramsky, Gottlob and Kolaitis [26] . This gives strong reason to suspect that it is not possible to obtain a classification of conditions that are necessary and sufficient for logical nonlocality in full generality.
IV. STRONG NONLOCALITY AND THE PR BOX
Recall from (1) that strong nonlocality is strictly stronger than logical nonlocality. Theorem II.6 can be used to give a constructive proof of a result originally proved by caseanalysis by Lal [9, 27] that the only strongly nonlocal (2, 2, 2) models are the Popescu-Rohrlich no-signalling boxes [17] , whose probability table up to re-labelling is given in Table VII.
Proposition IV.1. The only strongly nonlocal no-signalling (2, 2, 2) models are the PR boxes.
Before we prove this proposition, recall that by Theorem II.6 strong nonlocality is equivalent to the property that every 1 in its possibility table witnesses a Hardy paradox. We will simply use this property together with the requirement that the model satisfies no-signalling to derive our result. An illustration of no-signalling in the possibilistic sense is the following. We see from Table I (a) that if Alice and Bob each make their {↑, ↓} measurement then it is possible for Alice to obtain the outcome ↑. Now in order to make sure that Bob cannot instantaneously signal to Alice who is assumed to be spacelike separated from him it must be the case that it would also be possible for Alice to obtain the outcome ↑ had Bob made his {R, G} measurement. We can therefore deduce that 
since the event (↑ A , G B ) is not possible the event (↑ A , R B ) must be possible. More generally in the tabular representation, nosignalling translates to the condition that whenever a 1 occurs in a table, the outcome row and column the event belongs to must each contain at least one 1 per measurement setting, for otherwise the possibility of witnessing a particular outcome for one party could depend on the measurement choice of the other (see [11] for a more detailed discussion).
Proof. For any choice of measurements there must be some possible outcome. This possible assignment is represented by a 1 in the table, and it must witness a Hardy paradox. After relabelling as necessary, we can represent the model as in Table  I (a). For this to be a no-signalling model, it is necessary to fill in 1's as in Table IV (a). Using the fact that the 1's in the lower-right box must also witness Hardy paradoxes, we must fill in 0's as in Table IV (b) . By no-signalling, the remaining unspecified entry in the upper-left box must be a 1, and by the fact that it must witness a Hardy paradox, the remaining entry in the lower-right box must be a 0. We thus arrive at Table IV (c), and the unique no-signalling probabilistic empirical model whose possibility table has this form is the PR box.
V. BELL STATE ANOMALY
It is known how to prescribe projective measurements for almost all entangled two-qubit states such that the resulting empirical model will contain a Hardy paradox [7] , the exception being the maximally entangled states; i.e., the familiar Bell states. This naturally raises the question of whether there exist any projective measurements that can be chosen for the maximally entangled states such that the resulting empirical model contains a Hardy paradox. Indeed, in light of Theorem II.6 we know that this is equivalent to asking whether the maximally entangled states are logically nonlocal under projective measurements. Some previous failed attempts at finding a logical nonlocality proof for the Bell states are described in [28] .
We answer this question in the negative, and show that no projective measurements can be chosen that lead to a Hardy paradox (and thus logical nonlocality). A result showing that if the same pair of local measurements are available at each qubit then it is impossible to realise a Hardy paradox was proved independently by Abramsky and Constantin [29] , but the theorem we are about to present holds for any number of measurements per qubit, and without the restriction that the same set of local measurements be available at each qubit.
In fact, Bell states are the only entangled n-qubit states, for any n, which are not logically nonlocal under projective measurements, since for n > 2 it is known that projective measurements can be found for all n-qubit entangled states which give rise to logical nonlocality [18] . In this sense, despite being among the most studied and utilised states in the fields of quantum information and computation, the Bell states are actually anomalous in the landscape of entangled states. 
Since all other maximally entangled states are equivalent to this one up to local unitaries, which can easily be incorporated into the local measurements, the proof will extend to all maximally entangled states.
Any quantum mechanical empirical model obtained by making local projective measurements on |φ + will necessarily give rise to a (2, k, 2) model. By Theorem II.6 we know that Hardy's paradox completely characterises logical nonlocality for such scenarios, and that logical nonlocality would therefore imply the occurrence of a Hardy paradox in some (2, 2, 2) sub-model. It therefore suffices to show that for any observables A 1 and A 2 for the first qubit and B 3 and B 4 for the second qubit the resulting model does not contain a Hardy paradox.
The +1 and −1 eigenvectors for these measurements will be given by
where {(θ i , φ i )} i∈{1,2,3,4} label the coordinates of the +1 eigenvector of the respective measurements on the Bloch sphere. The amplitudes for the outcomes of the various joint measurements are calculated to be:
where j ∈ {1, 2} and k ∈ {3, 4}. We see that 
Note that the PR box (Table VII) , which we know from Proposition IV.1 to be the only strongly nonlocal (2, 2, 2) model (up to re-labellings), satisfies these symmetries. However, it is also known that the PR box is not quantum-realisable [17, 30] , so while it satisfies the symmetries it nevertheless cannot be realised by measurements on |φ + .
Next, we show that there is a unique possibilistic (2, 2, 2) model (up to re-labelling) which satisfies the symmetries (2) and (3) and is logically but not strongly nonlocal. If a model is not strongly nonlocal then there exists at least one global assignment compatible with the model, or in tabular form at least one deterministic grid. Up to re-labelling this is represented in Table V and φ + |0 1 1 3 = φ + |1 1 0 3 = 0. So, either |0 1 = |0 3 = |0 and |1 1 = |1 3 = |1 up to an overall sign or vice versa. The eigenvectors of both observables are {|0 , |1 }, so they must simply be Pauli X operators (up to a common sign, which would allow for re-labelling the outcomes):
A similar argument applies for the joint measurements A 1 B 4
and A 2 B 4 , showing that
Eqs. (4)-(6) imply that
but therefore the measurement statistics for A 2 B 3 must be the same as for each of the other joint measurements, and Table V (d) is not realised. This completes the proof that no quantum mechanical logically nonlocal empirical model can be obtained by considering (any number of) local projective measurements on the Bell state.
Symmetry is important here: the symmetry of the underlying state manifests itself as a symmetry of the probabilities of outcomes for each joint measurement, (2) and (3). By Theorem II.6, logical nonlocality also requires a particular relationship between certain probabilities in each of these distributions (a Hardy paradox). However, quantum mechanically, there cannot exist local projective measurements that realise these correlations and respect the symmetries at the same time. On the other hand, there exists a whole family of no-signalling empirical models which are logically nonlocal and respect the symmetries. These are the no-signalling models with support as in Table V (d), along with the PR box.
These models have some interesting properties in their own right [16] : despite not being realisable quantum mechanically, they may lie within the Tsirelson bound, coming arbitrarily close to the local polytope. They can be seen, however, to violate information causality, which has been proposed as a physical principle that might characterise quantum correlations [31] or "almost quantum" correlations [32] , by means of the same protocol described in [31] . In fact, similar families of models to this one have already been considered in this context in [33] .
We also note that Fritz [34] has considered quantum analogues of Hardy's paradox. These are not realisable quantum mechanically, but can arise in more general no-signalling empirical models. An interesting point is that Table V (d) contains two such paradoxes, and so the fact that any model with this support is not quantum-realisable also follows more directly from this observation.
VI. HARDY SUBSUMES OTHER PARADOXES
An immediate consequence of Theorem II.6 is that in the relevant scenarios Hardy's paradox subsumes all other paradoxes, in the sense that any model which can be demonstrated to be logically nonlocal necessarily contains a Hardy paradox. For instance, the ladder paradox [35] has been proposed as a generalisation of the original Hardy paradox and was used for experimental tests of quantum nonlocality [36] . Up to symmetries, there is one ladder paradox for any number of settings k; i.e., for each (2, k, l) scenario. It was observed in [11] that, by Theorem II.6, any ladder paradox necessarily contains a Here we consider a more recent proposal by Chen et al. [20] for an alternative generalisation of Hardy's paradox for highdimensional (qudit) systems (see Table VI ); this will also be relevant to the discussion in Sec. VII. In the present terminology, the argument applies to (2, 2, l) Bell scenarios.
Proposition VI.1. The occurrence of a Chen et al. paradox (Table VI) implies the occurrence of a Hardy paradox.
Proof. This follows directly from Theorem II.6, but one can also prove the proposition more directly. Suppose one of the starred entries corresponding to outcomes (o ′ i , o j ) of Table VI is non-zero. We write p(i, j) > 0 for short. Then we can see from the table that for the joint measurement represented by the upper-right box, we must have p(r, j) = 0 for all r > (l − j). Similarly, for the measurement represented by the lowerleft box, p(i, s) = 0 for all s > (l − i). In the lower-right box, we have p(r, s) = 0 when r ≤ (l − j) and s ≤ (l − i). This describes a (2, 2, l) Hardy paradox.
The proof shows that every non-zero starred entry in Table VI witnesses a (coarse-grained) Hardy paradox.
VII. HARDY NONLOCALITY WITH CERTAINTY
While Hardy's paradox is considered to be an "almost probability free" nonlocality proof, much of the literature on Hardy's paradox has been concerned with the value of the paradoxical probability (e.g. [19, 20, 24, 35] ); i.e., the probability of obtaining the particular outcome that witnesses a Hardy paradox (Definition II.3). This is motivated as being especially relevant for experimental tests. In this section, we will show how Hardy nonlocality can be demonstrated in such a way that even this probability becomes irrelevant.
We note that similar argument was put forward by Cabello [37] , but stress that the results contained in this section has the advantage of being far simpler, both in terms of the argument and of the empirical models in question.
As previously mentioned, Hardy [7] prescribed measurements for all entangled two-qubit states (excluding the maximally entangled ones) such that the resulting empirical model contains a Hardy paradox. The maximum paradoxical probability over this family of quantum-realisable empirical models is
A model has also been found for which the tripartite Hardy paradox can be witnessed with probability 0.125 [19] , and in [24, 38, 39] it is demonstrated that for a generalised nosignalling theory it is possible to witness a (2, 2, 2) Hardy paradox with probability 0.5. It was shown that the ladder generalisation of Hardy's paradox could achieve a paradoxical probability approaching 0.5 for (2, k, 2) scenarios, as k → ∞. For the (2, 2, l) scenario, Chen et al. [20] (cf. Sec. VI) have claimed that it is possible to achieve a paradoxical probability of ≈ 0.4 in the large d limit for two qudit systems with the paradox presented in Table VI . From our Proposition VI.1, it is clear that strictly speaking this comes about by summing the probabilities of witnessing a number of different (coarsegrained) Hardy paradoxes; (l − 1) 2 /2 of these to be precise. In this section, we use completeness of Hardy nonlocality to achieve a comprehensive improvement on these results, demonstrating by simple arguments that, by considering such a summation of different paradoxical probabilities, Hardy nonlocality can in fact be witnessed with certainty in a tripartite quantum system. This turns out to be demonstrable with the familiar GHZ-Mermin model [4, 5, 40, 41] . We will first show that the property also holds for a particular nosignalling but non-quantum (2, 2, 2) empirical model, which turns out to be the PR box.
Proposition VII.1. The PR box witnesses Hardy nonlocality with certainty.
Proof. The probabilistic version of the PR box is given in Table VII. We have already observed in the proof of Proposition IV.1 that every joint outcome that has non-zero probability witnesses a Hardy paradox. Therefore, each non-zero entry in the table represents a joint outcome that witnesses Hardy nonlocality with paradoxical probability 0.5, and so it is clear that for each joint measurement the probability of obtaining an outcome that witnesses a Hardy paradox is 1. Fig. 2 (a) It is clear that the PR box achieves the upper bound on paradoxical probabilities for individual Hardy paradoxes in nosignalling models of 0.5 [38, 39] and provides a more concise example a model saturating the bound than that constructed in [24] . Perhaps more importantly, however, we see that since every joint outcome witnesses a Hardy paradox in the present example, the arguably more relevant parameter, the probability of witnessing Hardy nonlocality, is actually 1 for any choice of measurements. Nevertheless, it is not possible to use this method of summing paradoxical probabilities to witness Hardy nonlocality with higher probability than (7) for any (2, k, 2) empirical model which can be realised by projective measurements on a Bell state. Proof. First, we note that it suffices to prove the proposition for (2, 2, 2) models, since a (2, k, 2) model contains a Hardy paradox if and only if some (2, 2, 2) sub-model contains a Hardy paradox. In order to obtain an improvement in the probability of witnessing Hardy nonlocality it would have to be the case that, for some joint measurement, more than one Hardy paradox could be witnessed. Working in the present framework, it is clear that any such empirical model is either the PR box or belongs to the family of models with support given by Table V (d), up to re-labelling of measurements and outcomes, as discussed in the proof of Theorem V.1. Indeed, in this family, for the joint measurement A 2 B 3 , the probability of witnessing Hardy nonlocality is 1. However, it was also shown in the proof of Theorem V.1 that no model in the family is quantum-realisable.
We now consider the (3, 2, 2) empirical model used in the GHZ-Mermin logical nonlocality proof [5, 40] . It should be noted that that the original nonlocality argument based on this empirical model was not of the tripartite Hardy form mentioned in Sec. II. Here, we need only consider a subset of the measurement contexts, shown in Table VIII in more orthodox notation, and three-dimensional representation in Fig. 2 (a) . Proof. The three-dimensional representation makes it easy to identify a tripartite Hardy paradox, which is shown in Fig. 2 (b) . It can also be expressed as follows.
Up to re-labelling, this is the form of the n-partite Hardy paradox we met in Sec. II. Moreover, it can similarly be demonstrated that any joint outcome for the measurement context YYY witnesses a Hardy paradox (this may be seen by inspection, but a detailed and more general treatment can also be found in the proof of Proposition IX.1 in the appendix to this article). The paradoxical probability is
However, since every outcome to the measurement YYY witnesses some Hardy paradox, then it is again the case that the combined probability of witnessing Hardy nonlocality is 1.
This provides a much simpler tripartite Hardy argument than that of Ghosh, Kar and Sarkar [19] , using a simpler empirical model (theirs also used the GHZ state, but with alternative measurements on this state), while still obtaining the same value of 0.125 for the individual paradoxical probabilities. Again, perhaps more importantly, in our model every possible outcome event for the joint measurement YYY witnesses some Hardy paradox, and therefore Hardy nonlocality is witnessed with certainty. The model considered here is exactly the GHZ-Mermin model, given that the observables available at each subsystem are simply the X and Y operators. As a result, it can be said that the GHZ experiment [5] witnesses Hardy nonlocality with certainty.
Corollary VII.4. The GHZ experiment [5] witnesses Hardy nonlocality with certainty.
Mermin gave logical nonlocality proofs for n-partite generalisations of the GHZ state [42] for all n > 2. Again, his arguments were not of the Hardy form, but we can generalise Proposition VII.3 to some of the GHZ(n) models (see the appendix).
VIII. MEASUREMENT INCOMPATIBILITY IS SUFFICIENT FOR LOGICAL NONLOCALITY
In [21] it was shown that a pair of observables are incompatible in the sense of not being jointly observable if and only if they enable a Bell inequality violation. Subsequent works have also considered how the degree of incompatibility relates to the degree of nonlocality [43, 44] . Here, we show that, in the basic case of projective or sharp measurements, incompatibility is necessary and sufficient for logical nonlocality [45] .
Proposition VIII.1. A pair of projective measurements enables a logical nonlocality argument if and only if it is incompatible.
Proof. In [7] , it was shown that any non-maximally entangled two-qubit pure state can be written in the form
for some orthonormal basis {|u , |u ⊥ } and complex α, β such that α 2 + β 2 = 1 and α 2 > 0, where N is simply a normalisation factor. Logical nonlocality in the form of the Hardy paradox is realised by local projective measurements on each qubit in the directions |u and |d := α |u + β |u ⊥ . A pair of non-commuting Hermitian operators has at least one pair of non-commuting spectral projections, say P = |u u| and Q = |d d| for some |u and |d . For the moment let us not assume any relation to the vectors considered in the previous paragraph. The projections are used to build a pair of non-commuting two-outcome observablesP := 2P − 1 and Q := 2Q − 1. Essentially, these correspond to course-graining the probabilities of all outcomes not corresponding to |u or |d , respectively. We may assume that |d = α |u + β |u ⊥ for some |u ⊥ orthogonal to |u and complex α, β such that α 2 + β 2 = 1 and α 2 > 0, for otherwise the projections P and Q would commute. Now suppose we have a bipartite system in which each party may choose to measure P or Q. Having defined |u and |u ⊥ in this way, logical nonlocality in the form of a coarse-grained Hardy paradox is realised on the entangled state specified by Eq. (8).
IX. CONCLUSION
Theorem II.6, which combines the completeness results proved by the author and Fritz in [11] , has been seen in this ar-ticle to lead to an abundance of consequences and applications which we now briefly recap.
The polynomial algorithms for deciding logical nonlocality in (2, 2, l) and (2, k, 2) scenarios given in Sec. III are of particular relevance since the problem is known in general to be NP-complete [26] . Further scenarios have been shown to be tractable elsewhere [46] .
It was already known that PR boxes are the only strongly nonlocal (2, 2, 2) models [9, 27] , but the proof obtained in Sec. IV provides more insight than the previously existing computational proof: in particular it is seen that the result is a straighforward consequence of the completeness of Hardy nonlocality and the property of no-signalling.
Given that all n-partite entangled states admit logical nonlocality proofs via projective measurements for n > 2 [18] , Theorem V.1 establishes the rather surprising fact that in this respect the Bell states are uniquely anomalous in the landscape of entangled states [47] .
The paradoxical probability has often been viewed as an indicator of the quality of Hardy and logical nonlocality, and the issue of optimising this figure in various systems has been widely considered in the literature. The results of Sec.s VI and VII provide a clarifying perspective on this issue. In particular it is seen that certain logical nonlocality proofs which claim to achieve high paradoxical probabilities are rather summing the paradoxical probabilities of numerous Hardy paradoxes which are present. It may indeed be argued that this total probability of witnessing logical nonlocality is a more relevant indicator and potential measure of the quality of logical nonlocality. If we accept this, it casts the issue of optimisation in a rather new light, since we have seen that Hardy nonlocality can be achieved with certainty in a tripartite quantum system: something which in fact is already verified by the GHZ experiment. Moreover, the property of witnessing logical nonlocality with certainty is understood to be equivalent to the property of strong nonlocality.
While previous works have considered how measurement incompatibility relates to nonlocality in terms of Bell inequality violations, Proposition VIII.1 provides initial progress on the question of how incompatibility relates to other classes of nonlocality in the qualitative hierarchy, which will be a topic for future research.
As a final open question, we note that a correspondence has been established between possibilistic empirical models and relational database theory [48] . It remains to be explored whether Theorem II.6 might find applications in database theory, or indeed whether similar results already exist in that field that might lead to further insights in the study of nonlocality. Mermin gave logical nonlocality proofs for n-partite generalisations of the GHZ state [42] for all n > 2. These arguments are not of the Hardy form, but we will now show how to generalise Proposition VII.3 to some of the GHZ(n) models.
The GHZ(n) states are:
where n is the number of qubits. Note that for n = 2 the state obtained would be the |φ + Bell state. For n > 2, Mermin considered models in which each each party can make Pauli X or Y measurements. With a little calculation, it is possible to concisely describe the resulting empirical models in a logical form [49] . The eigenvectors of the X operator are
(10) The vector |0 x has eigenvalue +1 and the vector |1 x has eigenvalue −1. These are more usually denoted |+ and |− , respectively, but we use an alternative notation to agree with the {0, 1} labelling of outcomes used in this article. The phases have been made explicit since they will play the crucial role in the following calculations. Similarly, the +1 and −1 eigenvectors of the Y operator are 0 y = 1 √ 2 |0 + e iπ/2 |1 , 1 y = 1 √ 2 |0 + e −iπ/2 |1 .
(11) The various probabilities for these quantum-mechanical empirical models can be calculated as
where the v i are the appropriate eigenvectors. This evaluates to
where φ is the sum of the phases of the v i . From the phases of the possible eigenvectors, (10) and (11), it is clear that we must have φ = k π/2 for some k ∈ Z 4 , the four element cyclic group. For k = 0 mod 4, the probability will be 1 √ 2 n−1 ; for k = 1 or 3 mod 4 the probability will be 1 √ 2 n ; and for k = 2 mod 4 the probability will be zero.
We can now reduce the calculation of probabilities for any such model to a simple counting argument. If k 0 x is the number of |0 x eigenvectors, k 1 x is the number of |1 x eigenvectors, and so on, then
(mod 4).
• For contexts containing an odd number of Y 's, every outcome is possible with equal probability 1 √ 2 n , since k = 1 or 3 mod 4.
• For contexts containing 0 mod 4 Y 's, outcomes are possible if and only if they contain an even number of 1's. For these outcomes, k = 0 mod 4 and the probabilities are 1 √ 2 n−1 . If there were an odd number of 0's in the outcome then k = 2 mod 4 and the probability would be 0.
• Similarly, for contexts that contain 2 mod 4 Y 's, outcomes are possible if and only if they contain an odd number of 1's. Again, the non-zero probabilities are 1 √ 2 n−1 .
Though the probabilities are seen to be easily be calculated in this way, we need only concern ourselves with the possibilistic information in what follows.
Proposition IX.1. All GHZ(n) models for n = 3 mod 4 witness an n-partite Hardy paradox with certainty.
Proof. Proposition VII.3 showed that this holds for n = 3. Let o = (o 1 , . . . , o n ) be any binary string of length n, let γ i be the function that changes the ith entry of a binary string, and let o −1 denote the binary string of length n which differs in every entry from o. We show that every outcome o to the measurements (Y, . . . ,Y ) witnesses a Hardy paradox. We deal with the cases that o has an even or an odd number of 1's separately.
Suppose It should be pointed out that even though we can say that Hardy nonlocality will can be witnessed wtih certainty in all of these models, the paradoxical probabilities for the individual Hardy paradoxes are always 1 /2 n , with the maximum obtained for the tripartite GHZ model. Such a result does not hold for GHZ(n) models for which n = 3 mod 4, as it can be seen that these models do not contain n-partite Hardy paradoxes. This follows from the fact that any (n, 2, 2) Hardy paradox must take the form of one of the paradoxes in the proof of Proposition IX.1, but it can easily be checked that the counting arguments for identifying such paradoxes in GHZ(n) models work if and only if n = 3 mod 4.
